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32 |f(=3)| = |2(=3)2 — 3(=3) + 5| =|18 + 9 + 5| = 32.

7

60

29

100

85

940

33

113

First, (2x — 3) (4x% — 5x — 6) = 8x3 — 10x? — 12x — 12x? + 15x + 18. The sum of the
coefficients of the expanded polynomialis8-10-12-12+ 15+ 18=7.

20

ﬁ=4«/§;a+b=4+5=9.

A=2bh==(3V5)h =30;3V5 h = 60;h =
5(2) + x(1.50) < 20;1.5x < 10;x < 6%; maximum of 6 cans of soda

1 =3x4+2 8 1=yt 2. 1y =3.x=60.
5 4 20 20 20

The slope of the line is i—i = % = — i—g = 2. Use one of the points, say (3,11), to solve for the
y-intercept. Then 11 = 2(3) + b and b = 5. Finally, substitute (2,y) into y = 2x + 5, resulting
iny=22)+5=09.

The x-coordinate of the vertex is — Zi =2 =7 The y — coordinate is 72 — 14(7) + 20 = 49 —

a 2
98 + 20 = —29. Finally |—29| = 29.

8x +4y =12x —4y;8y = 4x;x = 2y;8x + 4y +9x + 7y = 180; 17x + 11y = 180;17(2y) +
11y = 180;45y = 180;y = 4;x = 8;m < AEC =9x + 7y = 9(8) + 7(4) = 100.

32ft = 45in; Sth = 70in; 45 + 16x = 70 + 6x; 10x = 25; x = 2.5; height of trees = 45 +
16(2.5) = 45 + 40 = 85inor 70 + 6(2.5) = 70 + 15 = 85in.

x = original number of cat owners; (x + 100) — 0.15(x + 100) = x — 56; 0.85x + 85 = x —
56;0.15x = 141; x = 940.

3bd
ac _ 60 _ 3 _ _ 3bd  Sac—-bd _ 5(7)—1%1 _ 3bd-bd _ 2bd _ 10 _
—=—==-; bac = 3bd;ac = —; = Ba = o - —m =5 Iptql=
bd 100 5 5 ' 7bd—4ac 7bd_4(T) 7bd——bd  =bd 23
|10 4+ 23| = 33.

2% + 25 + 23 + 2% = 24(4) = 23(22) = 23, p=9.

230 — 1,231 =23, 232 = 529,233 = 12167,234 = 278421; units digits are 1,3,9,7,1,3,9,7 ...;
% = 50573; thus it has the same units digit as 233or 7.

There are 6 balls with odd numbers and 5 balls with even numbers. An even sum will contain
all even numbered balls or a combination of even numbered balls and an even number of odd
numbered balls. (i.e., 4 even and 2 odd, 2 even and 4 odd, 0 even and 6 odd). There are 11C6

or 462 ways to select 6 of the eleven balls. 5C4 X 6C2 + 5C2 X 6C4 + 5C0 X 6C6 = 5(15) +

10(15) + 1 = 226; P(even sum) = 22 = 2. 4 = 113.

462 231’



15. 210 A= 2(39 +52) = %;hz +x%2 =25 h?2=25—x% h®+ (13 —x)? = 144; h? = —25 +
25 — 25(169)—625 — 25(169—25) —

26x —x2:25 = 13x:x = 2. h2 =25 — x2; h2 =252
13 169 169 169

60

5048 _ oy 502 0., 91G) g
) 2 '

)

169 13 13

Grade Level 10 - NMT 2023 Solutions

1. 110 The greatest palindrome less than 9999 has the form 9xx9. The greatest value of x that is less
than 9 is 8. Therefore, the greatest palindrome that is less than 9999 is 9889. The positive
difference between these numbers is 9999 -9889 = 110.

2. 15 The diameter of a wheel and the number of complete rotations of the wheel vary inversely.
Therefore, 30 - 10 = 20x — x = 15. The answer is 15.

3. 203 The given expression can be rewrittenas2 —1+4—-3+6—5+--+ 406 — 405 = 203.

4. 119 Since 2023 ends in 3, it is not divisible by 2 or 5. The sum of the digits of 2023 is 7. So, it is not
divisible by 3. But, 7 does divide 2023 with zero remainder. The quotient is 289 and 289 = 172.
Therefore, the two distinct prime factors are 7 and 17, and the required product is 119.

5. 63 Iftwo lines share more than one point, then they are the same line. Rewrite the given

. 2 5 . -
equationsas:y = -x — andy = é — %x. Then set the appropriate coefficients equal: é =

—3 sc=-45and —2=254a=-18> la + c| = 63.
7 63 7
6. 511 The sum of the roots,r; + 1, = —S = %‘ Therefore, 22 = 511,

7. 200 Since the circular face (labeled 1) and its shadow are similar and in the ratio of 3:10 in their
linear dimension, the ratio of their areas is 9:100. Since the area of that circular face is 18, the
area of the shadow is 200.

8. 107 Use the fact that the product of the roots of a polynomial equation is the constant term.
Therefore abc = 210 = 2 X 3 X 5 X 7, and the consecutive integers are 5, 6 and 7. For a cubic
equation, the coefficient of the linearterm k = ab + bc+ac=5X6+6 X7 +5x%x 7 = 107.

9. 167 A sum of eleven can be obtained with a 5 on the first roll and a 6 in the second roll or vice
5 6 5\/6 60 20 .
versa. P(5) = 1 and P(6) = e Thus, P(sum of 11) = 2 (Z) (Z) == 1o So, the required
sum m + nisl67.

10. 496 The equation of the line connecting the center and the original point can be written as
r(t) =<1,-5> +t < 2,3 >. Then, r(1) =< 3,—2 >. So, the image is r(100) =< 201,295 >.

Therefore, a + b = 496. Alternatively, the equation of CPis y + 5 = %(x —1). Thenx' =1+
100-2 =201and y' = =5+ 100 - 3 = 295 and the required sum is 496.



11. 24 Notethat840 = 23 x 3 x5 x 7. For even factors, each factor should be in the form of 2 x 2% x
3P x 5¢ x 79 whereacanbe 0, 1, or 2 and b, ¢, and d are either 0 or 1. So there are 3 X 2 X 2 X
2 = 24 even integer factors. Alternatively, from 840 = 23 x 3 x5 x 7, there are
4 - 23 = 32 factors. There are 8 factors thatare odd: 1,3,5,7,3-5,3-7,5-7,and 35 - 7. Thus,
there are 32 — 8 = 24 even factors.

12. 71 Use the Law of Cosines where angle A4 is opposite the side whose length is 6:

62 =42 +52—-2(4)(5)cosC - cosC = §—> sinC = %. Then use the extended Law of Sines:
c 6 24 . 24\2 (64 .
e 2R - TE = 2R—-> R = NG Then, the area of the circle, (\/ﬁ) =7 (7) . The required

8
sumisa+b = 71.

13. 90 In the diagram, draw OA and OB. It can be shown using the two pairs of congruent triangles
formed by drawing radii from point O to each of the three points of tangency that both 04 and
OB bisect the angles formed by two pairs of the tangent lines. Properties of parallelism yield
2x + 2y =180 - x +y = 90. In triangle OAB, m < AOB = 180 —x —y = 180 — 90 = 90.

&
y3<

14. 502 Since f(x) is a cubic function, there is a constant difference at the third level of finite
differences. When the order is reversed, f(5) = 502:

x | f(x) | x| f(x)
Lo 7 11 ? 178 " 2

1| 18 32 43 32 12
o | 61 43 12 L2 61 44

3 | 148 s 1143 o 12
4 a sy 21
5 | b a=291 b=502

Alternatively, from the given, together with f(x) = ax® + bx* +cx+d,a+b+c+7 =
18,8a +4b + 2c + 7 = 61,and 27a + 9b + 3c + 7 = 148. Eliminate thea - 2b + 3¢ =
17 and 3b + 4c = 26 - (a,b,c) = (2,10,—1) - f(5) = 502.

15. 6 Rewrite the given equation as log, 2 + log, 3 + log, 6 =log,(2-3:6) =2 > x> =36 > x = 6.



Grade Level 11 - NMT 2023 Solutions

1. 34 Ifx is the number of heads on the fifth day, then the average is w =50- 216 +

x = 250 » x = 34.

2. 28 Theslopeof f(x) = f—(ll(z)):];@) = %4 = 4. Then, —f(?:fl(l) =4- f—(s);f(l) =4 - f(8)— f(1) =28.

3. 72 Rewrite the given equation as 34X — 31/2 - 4x = % —x = % - % = % =72.
8

4, 18 First,g(5) = (5)*+3(5) =40 f(x) = 2x + 4=40- x = 18 - f~1(40) = 18.

5. 25 The solutions must be integral, so inspection quickly yields x = 9 or 16 and the required sum
is 25. Or: square the given equation: (V25 — x + \/E)Z =725 (25—-x)+2V25x —x2 +x =
2
49 > 2v25x — x% = 24 > V25x — x? = 12. Square again: (V25x — x2) =122 > 25x —x? =
144 - 0 = x®> — 25x + 144 - (x —9)(x — 16) = 0 » x = 9 or 16. Of course, the sum is 25.
1

in2 o 2 o
6. 400 Use co-functions to rewrite the given expression as 100 (Sm (Sssin);;g:) (55 )) = 100 <W> =
2

1

(3

) = 100(4) = 400.

7. 8 The sum of the roots of x? + 5x + m = 0 is —5 and the product of the roots is m. The sum of
the roots of x2 + nx + 5 = 0 is —n and the product is 5. Since the roots of the first quadratic

are double the roots of the second, —5 = 2(—n) and m = 4(5). Therefore, n = 5/2 and m = 20

20
soMm/, =—=8.

5/2
8. 289 Since the given quadratic equation has only one solution, the discriminant must be equal to 0.
So,= (5 + 302 — 4(1/5)(c) = 0 > 25+ 30i + 9i? = 2c = 0 > 25 + 30i + 9(—1) = 2c > 16 +

30i = 2¢ — 8 + 15i = c. The required product is (8 + 15i)(8 — 15i) = 64 — 225i%? = 64 +
225 =289

9. 351 Startwith(x +y)>=x3+3x2y+3xy2+y3 > (x+y)>3=x3+y3+3xy(x+y) >
(9 =x3+y3+3(14)(9) - 729 = x® + y* + 378 » x® + y3 = 351

10. 49 An equation of the parabola (in vertex form) is y — 4 = a(x — 1)?2. Since the point with
coordinates (3, 24) is on the parabola, 24 — 4 = a(3 — 1)? - 20 = 4a —» a = 5. Since the point
with coordinates (—2, k) is on the parabola, k —4 =5(-2—-1)2 5 k—4=5(-3)2 >k -4 =
45 - k =49



11. 405 As shown atright, when a radius is drawn from point D to the midpoint C
M of AB, triangle DMBis isosceles with zMDB = £DBM. Note that
2EDC and £ECD are complementary to the previous two angles. That E D
makes triangle CEDisosceles. Then DE = CE = AE = 3. Using the
theorem about a tangent and a secant to a circle: CA* = CD X CB -

62 = 4(4 + x) > x = 5. Use the Pythagorean theorem to get AB = A M B
V45. Then, the area of the triangle is k = %(6)\/ 45, Therefore k? = 405.

12. 12 Ofthe 25 consecutive even integers, the smallest is x. Then the sum of the sequence is
25(+0t49) _ 900 -, 25(2x + 48) = 1800 — 2x + 48 = 72 — x = 12.

13. 21 Since EF is a midsegment of AABC,AE = EB = 13, BF = FC = 20 and the length of an altitude
from vertex B to EF is 12. If the foot of that altitude is point &, then by the Pythagorean
Theorem in ABGE and ABGF, EG = 5 and GF = 16. Thus, EF = 21.

8. 32 Writelog,sx +log, 16 = lloogg; lloogglxé = y. Multiply by(log x) (log 16) to get (log x)? —
y(log 16)(logx) + (log 16)? = 0. To have log x € R,y > 2. Then, log,c x + log, 16 = 2 hasa
solution of x = 16. Therefore, a = 16,b = 2. So, ab = 32.

Alternatively, the sum of the reciprocals is a minimum when the term and its reciprocal are

L logax 2 logax 2 _ _ _
equal. Change to base 4: y = > er 2 iemx log,x =2 - x =16,y = 2 and the
required product is 32.

9. 462 First, distribute one cookie to each friend. That leaves six more cookies to distribute to six
friends. Use the stars and bars theorem. There are 6 stars and 5 bars (6 friends - 1). Therefore,
C(6+5,5) = ;—15!' = % = 462 gives the required number of ways to complete the
distribution. Consult: Wikipedia stars and bars (combinatorics).

Grade Level 12 - NMT 2023 Solutions

1. 72 Inall cases, x% of y is %y = % and y% of x is %x = %, which is the exact same value.

2. 25 Since it forms a square, n =, where c is an integer. Reforming those ¢’ tiles into two other
squares means that ¢c? =a” +b?, where all variables are integers. This means that (a,b,c)isa
Pythagorean triple, the smallest of which is (3,4,5) . So there are a total of 5% = 25 tiles.

3. 144 Letn =0.Thus, f(0) = 1and M = 1. So, (12M )’ =144.

4. 10 Since d =vt and d =(v+12)(t—5), we find that vt = vt + 12t — 5v — 60 - 12t = 5v — 60 —

t= % v + 5. The smallest positive integer v for which t is an integer is v=12 -t =10 and
d =120.



5.

6 8
7. 17
8. 2
9. 168
10. 182

47 The sequence consists of all the prime numbers, in order. Formal proof of this would be

inductive, but writing out the first few terms should convince you of this. The 15t prime
number is 47.

Method 1: (1+i)" =2i — (1+i)’ = 2i(1+i)=—2+2i
16 —2-2i _16(-2-2i)
~2+42i —2-2i 8

=2(-2-2i)=—-4-4i,so0 |-4-4/=8.

Method 2: [Note: cisf = cos 8 + i sin 8] Using polar form:
16 _ 16cis360° _ 16cis 360° V2 V2,

1+0)3 (VZcis 450)3 = Vadis 135024\/§C18225° = 44/?:(_7 — 71)2_4 — 4i.

The graph of y =|X|+2 is an upward-opening V-shaped graph with
vertex at (0,2), as shown. The graph of y =—|x—h|+(36—h) isa
downward-opening V-shaped graph with vertex at (h,36—-h).In

20 0 20 \0\
order to have an infinite number of solutions, a portion of the /
graphs must overlap, as shown. This will occur only if the vertex of

the second graph lies on the first graph. Substituting (h, 36— h) into the first equation yields
36—h=|h|+2—|h|+h=34.1f h<0, we get 0=34 (no solutions), so h>0 and
2h=34—>h=17.

Let the side length of the square be x. The removal of the square region adds the two vertical
sides of the square to the perimeter of the heptagon, increasing the heptagon’s perimeter by
2x. The area of the heptagonal region decreases by the square’s area, which is x*. So,

x* =2x — x=2. (Note: the fact that the region is heptagonal is irrelevant.)

Since the area of the triangle is 42 and the length of the hypotenuse is 14, the length h of the
altitude to the hypotenuse can be found: %(14) h=42 - h=6. The foot of this altitude divides

the hypotenuse into two segments of lengths a and 14 —a. The solid of revolution is two cones

sharing a common base, with a combined volume of

%;z(es)2 a%ﬂ(a)2 (14-a)=127a+1687 ~127a=1687 and k = 168.

If 0°<6<180°, sin@>0,so r =91sin @, which is the upper circle in the
graph shown. In quadrants IIl and 1V, r is still positive, so another circle
congruent to the upper circle is drawn in those two quadrants. Each circle

has diameter of 91, so the total circumference of both circles is 27 - 91 =
182w and k = 182.




11. 899

12. 88

13. 777

14. 14

15. 864

Let the side length of the cube be x. Then V = x* and dd_\t/ =3x° % Since the surface area is

A=6x", 6x” =62 —3x" =31. Plugging in, O(lT\t/ =(31)(29)=(30+1)(30-1)=30" —1* =899.

Since y =87 is horizontal % =0 at two points where y =87,
X

% =4x*+2bx=0— 2X(2X2 + b) =0->x*= —g . Plugging into the original function,
X
) 2 ) b2 b2 b2 )
y=(x*) +hbx +2023—>87:?—?+2023—>Z=1936—>b =1936-4 —>b=+44-2 =488,

(Note: x* = —g implies that b<0.) So,

b| =88.

Alternate Method: The 4th degree function can be translated down so that it is tangent to the x-
axis in two places. Since the function is even, y = x* + bx? + 1936 must be a perfect square.
Thus, b = +2(44)=188 and |b|=88.

- 2 2 3
Note that f'(x) = 1imf(x +a)—fx) _ lim3X-a + 3xaa +a3+9a
a-—o a a—o

= lim(3x? + 3xa + a? + 9) = 3x?> + 9,s0 f'(16) = 3(16)?> + 9 = 777.

a—o

Consider the graph at right. All vertices that differ by more than 1 are connected by edges. The
problem now becomes one of finding the number of paths 1

through the graph that use each vertex exactly once (these are

known as Hamiltonian paths). Let’s count by cases.

If the edge between 1 and 5 is not used, then we can start at any
vertex and proceed in either direction around the circuit, for a
total of 10 paths.
If the edge between 1 and 5 must be used, we now consider
various starting points: 2 5
e Ifwestartat1 or5, there are no possible paths, since we
must start by moving between 1 and 5 and cannot reach both {2, 4} and 3.
e Ifwe start from 2 or 4, there is one path each (24153 and 42513).

e Ifwe start from 3, there are 2 paths (31524, 35142)

This gives us a total of 14 paths.

4(6+h)’ —4(6-h)’ (-1) 4(6)° +4(6)’
Method 1: Use L’Hopital’s rule: lim (6+h) 2(6 J( )= (6)2 (6) =4(6)3=864.

f(x+h)—f(x=h)
2h

a point h units to the left of x to a point h units to the right of x. As h approaches zero, the

secant line will approach the tangent line and so this limit is just another expression for f (X) )

Method 2: Recognize that

is the slope of the secant line centered at x, from

(It is known as the symmetric derivative.) So, the limit equals f '(6), where f (x)=x".



Mathletics - NMT 2023 Solutions

1. 20

2 96
3 24
4 28
5 4

6. 833
7. 938
8. 852

If the Yorkie’s weight is x pounds, then the Beagle’s weight is 2x + 2 pounds and the Lab’s
weightis (2x + 2) + 11 = 2x + 13 pounds. Since the average weight of the three dogs is 20
pounds, the sum of their weights must be 60 pounds. So, x + 2x + 2+ 2x + 13 =60 - x =
9-2x+ 2 =20.

If each side is multiplied by a factor of 1.4, then the area is multiplied by a factor of 1.4% =
1.96. Thus, k = 96.

23 1423 23
1620 = (165) = (16%) = (2)% = (24)2% = 163/8. The minimum possible value is a +
b =16 + 8 = 24.

From the diagram below, we see that BP = BQ = 20,PQ = 20v2 and B = MQ = 10v/2. The

distance we seek is NM = 40v/2 — 20v/2 = 20v/2 = 28. Alternatively, since quadrilateral
PQRS is also a square, the required distance is equal to the length of any side of the square.

First, f(2) =12 + 3] = 5.Next, f(5) = 2(5)-12 = —2. Then, f(—2) = |-2 + 3| = 1. Finally,
f(1)=|1+3| =4

Since 2023 =7-172and 2023N = 73-1753, then N = 72-17=833.

In the given geometric sequence a; = 2 and a;, = 2023. Using a,, = a,r"" 1, 2r° = 2023
-r = 2157117 - a9 = 2023/r = 938.

Note that the line drawn from vertex A to the center of the nearest circle is an angle bisector,

creating a 30°-60°-90° triangle as shown in the figure. Label PG = r, the radius of circle P. We

have AG = rv3 and GH = 2r—>AB=2r+2r\/§=90—>r=%andnr2 ~ 852.

C



9. 945

10. 936

Team Problem Solving - NMT 2023

We seek the probability that each student is paired with his or her best friend. Any one of the
ten girls has a % chance of being paired with her best friend. Assuming that happens, eight

girls remain. Any one of these girls has a % chance of being paired with her best friend. This

process continues. Thus, the probability that each girl is paired with her best friend is % ETES

7 5
g . % = #. Similarly, the probability that each boy is paired with his best friend is also ﬁ.
Therefore, the required probability is 94152 and n = 945.

Method 1: The line 17x + 119y = 2023 has intercepts at (0,17) and (119,0) with lattice points
located in between every 7 units along the x—axis: (0,17), (7,16), (14,15), (21,14),...(112,1),
(119,0). We can count the first quadrant lattice points under the line one row at a time:

y=16:6points: (1,16), (2,16), (3,16), ... (6,16)
y=15:13 points: (1,16), (2,16), (3,16), ... (13,16)
y=14:20 points, etc.

y=1:111 points.
Summing these we have 6 + 13 + 20+...+111 = (6 + 111)(16/2) =936

Method 2: Pick’s theorem gives the area inside the triangle formed by the line and the X and y
axes to be A =1+ %B - 1 where I is the number of interior lattice points and B is the number
of points on the border (edges) of the triangle. There are 18 lattice points on the y —axis,
including the origin, 119 additional points on the x—axis, and 16 additional lattice points on
the given line. Thus, B=18 + 119 + 16 = 153 and A = % (17)(119) - | = ¥2(2023) — %2(153) + 1
= 936.

Solutions

1. 120 Method 1: Create a table of values for h, and possible tu numbers.

h 1] 2 3 4 5 6 7 8 9
additional tu | —| 10 | 21,20 | 32,31, | 43,42,41, | 54,53,52,51, | 65,64,63, | 76,7574, | 87,86,85,
30 40 50 62, 61, 60 73,72,71, | 84,83,82,
70 81, 80
Total 0 1 [2+1=3]3+3=6]|6+4=10| 10+5=15 15+6=21 | 21+7=28 | 28+8=36

Each Total shown gives the count of three-digit numbers starting with the value of h shown at
the top of the column. (The “+1” in the h = 3 column indicates that the tu of 10 from the prior
column is added to the tu values of 21 and 20, and so on for each column.) Sum these Totals to
find the overall Total, 120.

Method 2: Given 10 available digits, there are 10C3 ways of choosing any three of them. The
digits of each of these can be ordered from greatest to least in only one way. Thus, the total
number of 3-digit numbers that satisfy the requirement thath >t > u is 10€3 = 120.

Consider the perfect squares from 1 to 12. Find the three perfect squares that sum to 132 =
169. There is only one set that has a sum of 169: 9 + 16 + 144. The requested sum is 3 + 4 +
12 = 19.



36

142

650

45

20

50

135

]

Draw the triangle so that it contains two vertices of the B C B

square (see diagram). It is clear from the diagram that the G G
2

area of AGAD equals % the area of the square, or % = 36.

Also, the area of AGEF = % 122 = 72. So, the required area z ) 7

of trapezoidal region AEFD = 72 — 36 = 36. Note that the E
required region is interior to AGEF and outside the square. Another diagram that makes this
clear can be seen in the second figure. An interesting fact is that rotating the triangle from the
first position to the second position maintains the area of the region inside the square
throughout all intermediate positions.

Since v1000000 = 1000, we want to know how many multiples of 7 are less that 1000. Divide
1000 by 7 to get 142 with a remainder of 6. There are 142 multiples of 7 such that their
squares are less than 1,000,000 (7, 14, 21, ... 7 x 142 = 994).

Replace the five E’s with the digit 8. The letter T must be 1, the maximum carry over from the
ten-thousands column. Since the two 8’s in the thousands column add up to 18,V + V + S must
add to atleast 20. Let V=7 and S = 6. Now realize that 8 + 8 + I must sum to 21, soI =5 and
there can be no carry over from the

ones column. Since the sum in the S8VEN 6878N 68782
tens column is 21, the hundreds S8VEN 6878N 68782
column has a sum of 22 so N = 2 +SIX + 65X + 650
forcing X = 0 and W = 3. The number IWEN1Y IWSN1Y 138214
SIX is 650.

Examine the table of starting number positions:
Notice that the starting position of number n is n__ 11213141516
1 more than the sum of the numbers from1to LPosition| 1 |2 ]4]7|11]16
n - 1. To calculate the position of the first n numbersuse S = 1 + (n- 1)(n)/2. For
example, the first number 6 appears in position 1 + 5(6)/2 = 16. Use this idea to find n when
the position is 1000: Solve for n in the inequality 1 + (n- 1)(n)/2 < 1000 »(n- 1)(n) <
1998 —» 44 x45 = 1990 son = 45. The number 45 starts in the position 1 + (44)(45)/2 =
991 and continues beyond position 1000.

C.ount the number of squares of ea}ch Size Ix1 2o 3x3 | Jaxdz | x5
size. The total number of squares is 9
Number 9 4 1 4

+4+1+1+2=20.

Draw diameter DE from the point of tangency of the square perpendicular to T
AB. Apply the theorem DF X FE = AF X FB so 40 x FE = 20 X 20 and FE =

10. The diameter of the circle is 40 + 10 = 50 and the circumference is 507 so A
n = 50. AT A8
E

There can be only two elements of 17 since the middle number of the five is 85. The mean is
68, so the sum of the five numbers is 5 x 68 = 340. The sum of the three least numbersis 17 +
17 + 85 = 119 so the remaining two numbers have a sum of 340 - 119 = 221. The minimum
for the fourth number is 86 so the greatest value for the fifth number is 221 - 86 = 135.



10. 42

Solve by inverting all three fractions and changing the direction of the inequalities: > < 12 < 2

n 2

- §<%<%. Multiply by 12 to get §< n<%—> 2§< n<9§. The solution consists of 3, 4,

5,6, 7,8,and 9 and the sum is 42. Alternate solution: Rewrite the given inequality with a

540 540 540

common numerator: en < o < 0" Then 120 < 45n < 432. The rest of the solution is the

same.

11. 88 LetP(x) = x° + x*- 30x3- 76x% + ax + b.Since (x + 2) and (x - 1) are factors of

P(x),P(-2) = P(1) = 0. Hence, P(-2) =-32 + 16 + 240-304-2a + b = 0Oand
P(1) =1+ 1-30-76 + a + b = 0. These equations simplifyto —2a + b = 80anda +
b = 104. Solve this systemtogeta = 8andb = 96sob-a = 96- 8 = 88.

12. 16 Since f(x): 3 , 2is notin the domain of f. f(f(x))z 3 = 6= 3 . So iis not in the
2—x 5 3 1—2x
2—Xx
domain of f(f(X)). f(f(f(x))) = 3 = 6x—3_ So -4 is not in the domain of f(f(f(X))).
5 6—3x x+4
1—-2x

13. 80
14. 134
15. 18
16. 58
17. 15

The three numbers that are not in the domain of f(f(f(x))) are 2, 1/2, and -4. The product of
their squaresis 4 x 1/4 x 16 = 16.

>
The area of square EFGH is 1/5 the area of square ABCD which is 202 = v, g N
400. This can be seen by rotating each of the smallest right triangles as { \v
shown. This results in 4 additional squares each congruent to the square H

EFGH. 4 D

By observation, one can see that one of the intersection points will be (1, 5). Keep in mind that
all answers in this contest are integers from 0 to 999. So, the only possible values for x are 2, 3,
and 4. Testing these values one soon finds that the other intersection point has coordinates (3,
125). The sum of the four coordinatesis 1 + 5 + 3 + 125 = 134.

There are 9 X 10 X 10 X 10 = 9000 4-digit numbers. There are 9 X 9 X 8 X 7 = 4536 4-digit
numbers such that no digits repeat. Thus, there are 9000 - 4536 = 4464 4-digit numbers with
at least two digits the same. The sum of the digitsis4 +4 + 6 + 4 = 18.

In the equationd + e + f + g = 45, replace e with d + 4, f with (d + 7)/3, and g with

5(d — 4). Solve the equation: d + (d + 4) + (d;ﬂ) + 5(d — 4) = 45 to get d = 8. Substitute that

back to find thate = 12, f = 5,and g = 20. Hence, 4d + 3e + 2f — g = 4(8) + 3(12) + 2(5) —
20 = 58.

. . . . -18i -18i 1249i)(12-9i —18i(144+81
First, simplify the radicand: — 11 = — 11 (12491 D _ H144+481)

12490 12-9i 12490 12-9i

= 225.

(124+90)(12-9i) ~ (12-9)—(12+9i)

Finally, take the square root of 225 which equals 15.



18. 168 Each face of the cube has an area of 5 x 5 - 3 x 3 = 16. Since there are 6 faces on a cube, the

total outside area is 6 x 16 = 96. The surface of each of the 6 holes is comprised of four 1 x 3
rectangles for a total area of 6 x 4 x 1 x 3 = 72. The total surface area is 96 + 72 = 168.

19. A19=4 The three prime factors of 126 are 2, 3, and 7. Evaluate log(2° - 8(3)) + log(7 + 3) =
log(1000) + log(10) = 3 + 1 = 4.

20. 50 The anglesin aregular octagon have a measure of 135°. The side C D
measure in this octagon is A19 = 4. Let a side of the square be x so
its area is x2. Apply the law of cosines to one of the small triangles, B E
say AABC:
x?2 = 4% + 4% - 2(4)(4) cos(135°) = 16 + 16 + A F

32cos(45°) = 32+ 16\/5. Thus, p=32,g=16,and r=2so p+ H G
g+ r=>50.



