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 1. 196 𝐶 = 𝜋𝑑 = 28𝜋 → 𝑑 = 28 → 𝑟 = 14.  So,  𝐴 = 𝜋𝑟2 = 𝜋(196).  Thus,  𝑘 = 196. 
 
 2. 45 Let  𝑥, 𝑥 + 2,  and  𝑥 + 4  represent the integers. So,  𝑥2 = 9 + 5(𝑥 + 2 + 𝑥 + 4) → 
   𝑥2 = 9 + 5(2𝑥 + 6) → 𝑥2 − 10𝑥 − 39 = 0 → (𝑥 − 13)(𝑥 + 3) = 0 → 𝑥 = 13, only. Thus, the 

required sum is  13 + 15 + 17 = 45. 
 

 3. 1 For line  𝑙:  6𝑥 − 3𝑦 = −2 → 𝑦 = 2𝑥 +
2

3
.  Since  𝑙 ∥ 𝑚,  each line has a slope of 2.  For line  

𝑚:  𝑎𝑥 − 𝑏𝑦 = 5 → 𝑦 =
𝑎

𝑏
𝑥 −

5

𝑏
 .  Since the 𝑦-intercept is  −10, −

5

𝑏
= −10 → 𝑏 =

1

2
 .  So,  

𝑎

𝑏
= 2 →

𝑎
1

2

= 2 → 𝑎 = 1.  

 4. 20 5√147 − 4√108 + 2√27 = 5√49√3 − 4√36√3 + 2√9√3 =  35√3 − 24√3 + 6√3 = 

   17√3.  Thus,  17 + 3 = 20.  
 
 5. 6 (24)0.5𝑥+1.5 = 23𝑥  → 22𝑥+6 = 23𝑥  → 2𝑥 + 6 = 3𝑥 → 𝑥 = 6. 
 
 6. 3 Since  ∡𝐵  is the right angle,  𝐴𝐶̅̅ ̅̅   is the hypotenuse. By the Pythagorean Theorem,  

   (𝐴𝐵)2 + (𝐵𝐶)2 = (𝐴𝐶)2 → (8√2)
2

+ (𝐵𝐶)2 = 122 → 128 + (𝐵𝐶)2 = 144 → 𝐵𝐶 = 4.  So,  

sin 𝐴 =
4

12
=

1

3
→ 𝑘 = 3. 

 
 7. 10 2𝑥2 − 26𝑥 + 60 = 0 → 2(𝑥2 − 13𝑥 + 30) = 0 → 2(𝑥 − 10)(𝑥 − 3) = 0 → 𝑥 = 10 or 𝑥 = 3.  

Thus, the greater  zero is  10. 
 

 8. 9 The midpoint of diagonal  𝐴𝐶̅̅ ̅̅   is  (
6+10

2
 ,

9+3

2
) = (8, 6),  and its slope is  

9−3

6−10
= −

3

2
 .  The 

diagonals of a square are perpendicular bisectors of each other, so the slope of diagonal  𝐵𝐷̅̅ ̅̅  is  
2

3
 .  From the midpoint  (8, 6),  follow the slope of  𝐵𝐷̅̅ ̅̅   in both directions to get  (11, 8)  and  

(5, 4),  the square’s other two vertices. Thus, the vertex closest to the origin is  (5, 4)  and  
5 + 4 = 9.  

 

 9. 3 If    
𝑥+𝑦

2
= 𝑧,   

𝑥+𝑧

2
= 𝑦 + 1,  and  

𝑦+𝑧

2
= 2𝑥 + 2,  then by the addition property,   

   
2𝑥+2𝑦+2𝑧

2
= 𝑧 + 𝑦 + 1 + 2𝑥 + 2 → 𝑥 + 𝑦 + 𝑧 = 𝑧 + 𝑦 + 2𝑥 + 3 → 𝑥 = 2𝑥 + 3 → 𝑥 = −3. Thus,  

|𝑥| = 3.  
 
 10. 5 Using integral factors, the number  18 = 1 · −1 · 2 · 3 · −3.  Thus,  𝑛 = 5.  
 
 11. 505 Each successive pair in the numerator can be factored as the difference of two squares: 

   
(100+99)(100−99)+(98+97)(98−97)+⋯+(4+3)(4−3)+(2+1)(2−1)

10
  . 

   When simplified, the numerator is an arithmetic series whose sum is  
𝑛

2
(𝑎1 + 𝑎𝑛): 

   
100+99+98+97+⋯+4+3+2+1

10
=  

100

2
(100+1)

10
 =   505. 

 
 12. 88 By factoring the sum of two cubes,  𝑥3 + 𝑦3 = (𝑥 + 𝑦)(𝑥2 − 𝑥𝑦 + 𝑦2) = 819 → 
   3(𝑥2 − 𝑥𝑦 + 𝑦2) = 819 → 𝑥2 − 𝑥𝑦 + 𝑦2 = 273.  Adding  3𝑥𝑦  to both sides yields 
   𝑥2 + 2𝑥𝑦 + 𝑦2 = 273 + 3𝑥𝑦 → (𝑥 + 𝑦)2 = 273 + 3𝑥𝑦 → 9 = 273 + 3𝑥𝑦 → 𝑥𝑦 = −88. Thus,  

|𝑥𝑦| = 88. 



  13. 48 Since perfect square factors have even exponents,  27  has 4 perfect square factors:  20, 22, 24,  
and  26 .  The number  34  has 3 perfect square factors,  5 has 1,  72  has 2,  and  113  has 2.  
Thus, the number of perfect square factors of the given product is  4 · 3 · 1 · 2 · 2 = 48. 

 
  14. 34 By letting  𝑥 = 1  and  𝑦 = 1  in  20𝑥 + 3𝑦 = 2003,  the first and the last of the first-quadrant 

lattice points are  (1, 661)  and  (100, 1).  The slope of the given line is  −
20

3
 ,  so from the 

lattice point  (1, 661),  the 𝑦-coordinates will decrease by 20 while the  𝑥-coordinates increase 
by 3  creating the sequence of lattice points:  (1, 661), (4, 641), (7, 621), … , (97, 21),
(100, 1).  Using the arithmetic sequence formed by the  𝑥-coordinates, and the formula  
𝑎𝑛 = 𝑎1 + 𝑑(𝑛 − 1),  100 = 1 + 3(𝑛 − 1) → 99 = 3(𝑛 − 1) → 33 = 𝑛 − 1 → 𝑛 = 34. (Note:  
Using the  𝑦-coordinates yields the same result:  1 = 661 − 20(𝑛 − 1) → 𝑛 = 34) 

 
 15. 437 There are 15 ways that the four dice throws occur in strictly increasing order:  1234,  1235,  

1236,  1245,  1246,  1256,  1345,  1346,  1356,  1456,  2345,  2346,  2356,  2456,  and  3456.  

This result can also be computed using the combination  ₆𝐶₄  =
6!

4!·2!
= 15.  Since each die throw 

has 6 possible outcomes, there are  64  ways the dice can be tossed.  So, the required 

probability is  
15

64 =
15

1296
=

5

432
 ,  and  5 + 432 = 437. 
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 1. 108 The prime factors of 2020 are  2, 5, and 101.  The required sum is 108. 
 

 2. 16  
−

4

32+
1

3
+3

1−
1

3

=
−4+3+27

9−3
=

26

6
=

13

3
 and the required sum is 16. 

 
 3. 5 Each time Noah drinks half the contents of the container, he drinks half the juice.  So, the 20% 

juice drink first became a 10% juice drink and then became a 5% juice drink.  So,  𝑝 = 5.   
   Alternatively, suppose the container holds 1000 ml; initially, 200 ml juice and 800 ml water.  

After Noah drinks, he leaves 100 ml juice and 400 ml water.  He fills the container to 100 juice 
and 900 ml water, then drinks it to 50 ml juice and 450 ml water, and then fills it to 50 ml juice 
and 950 ml water.  Again, 50/1000 = 5%. 

 
 4. 119 If  𝑛 = 0.2020202020… , then 100𝑛 = 20.20202020 … .  Subtraction yields  

   99𝑛 = 20 → 𝑛 =
20

99
.  The required sum is 119. 

 
 5. 34 The roots of  𝑥2 − 5𝑥 − 6 = 0  are  𝑟 = 6 and 𝑠 = −1.  So, the roots of 𝑥2 − 𝑎𝑥 + 𝑏 = 0 are 
   12  and  −2.  Therefore, the sum of the roots,  𝑎 = 10, and the product of the roots,  
   𝑏 = −24.  Thus,  𝑎 − 𝑏 = 34. 
 
 6. 4 Translate points  𝐶 and 𝐴 as follows:  𝑇3,2(−3, −2) = 𝐶′(0, 0) and  𝑇3,2(3, 1) = 𝐴′(6, 3).  Rotate 

point  𝐴′ 90°  counterclockwise about the origin,  𝐶′:  𝑅90°,𝐶′  (6, 3) = 𝐴′′(−3, 6).  Finally, by 

reversing the initial translation,  𝑇−3,−2(−3, 6) = (−6, 4).  Thus,  𝑘 = 4. 

 
 7. 15 If 𝑥 = 4, 𝑓(2) = 42 − 4 ∙ 4 + 15 = 15 
 

 8. 11 Triangles  𝐴𝐷𝐸, 𝐷𝐸𝐹,  and  𝐴𝐵𝐶  are  30-60-90  triangles.  Since  𝐷𝐸 = √3 ,  and  𝐷𝐸𝐹𝐵  is a 

rectangle,  𝐴𝐷 = 1, 𝐸𝐹 = 𝐷𝐵 = 3,  and  𝐴𝐵 = 4.  So,  𝐵𝐶 = 4√3  and the area of  ∆𝐴𝐵𝐶 =
1

2
(4)(4√3) = 8√3 .  Thus,  8 + 3 = 11. 

 
 9. 13 The product of the roots is 130 and 130 is the product of the primes 2, 5, and 13.  The greatest 

of these is 13.   
 
 10.  0 The segment passing through the four points of tangency,  𝐴𝐸𝐺𝐶̅̅ ̅̅ ̅̅ ̅̅  ,  is a diameter of the large 

circle and its length is 6.  So, the length of semicircle 𝐴𝐵𝐶  is  𝑏 = 3𝜋.  Arcs  
𝐴𝐷𝐸, 𝐸𝐹𝐺,  and  𝐺𝐻𝐶  are semicircles of the small circles, so their lengths are each  𝜋.  Thus,  
𝑠 = 3𝜋  and  𝑏 − 𝑠 = 3𝜋 − 3𝜋 = 0. 

  

 11.  889 The required probability is  ₆𝐶₃ (
1

3
)

3

(
2

3
)

3

=
6!

3!·3!
(

1

3
)

3

(
2

3
)

3

=  
160

729
.  The required sum is 889. 

 
 12.  11 Note that 457 = 4 · 71 + 5 · 70 = 33  and  3025 = 3 · 52 + 0 · 51 + 2 · 50 = 77.  The greatest 

common factor of 33 and 77 is 11. 
 
 13. 2 The vertex of the parabola  𝑦 = 𝑎(𝑥 + 𝑏)2 + 𝑐  is  (−𝑏, 𝑐)  and it lies on the line  𝑦 = −2.  So,  

𝑐 = −2.  The lines  𝑦 = −2𝑥 − 1  and  𝑦 = 2𝑥 − 5  are symmetric to the line  𝑥 = 1, the 
parabola’s axis of symmetry,  so the vertex is  (1, −2) and  𝑏 = −1.  Since  (0, −1) lies on the 
parabola,  −1 = 𝑎(0 − 1)2 − 2 → 𝑎 = 1. Thus,  𝑎𝑏𝑐 = (1)(−1)(2) = 2. 



 
 14. 22 Point  𝑂  is the center of the regular hexagon whose side lengths are 

2.  Triangle  𝐴𝑂𝐵  is an equilateral triangle with altitude  𝑂𝐴′ = √3 .  

So,  𝐴′𝐶′ = 𝐴𝐶 = 2√3.  Circumscribe square  𝑊𝑋𝑌𝑍 about the 
regular octagon whose side lengths are also 2. Each triangle in the 
square’s corners is an isosceles right triangle with hypotenuse 2 and 

leg  √2 .  So,  𝑊𝑋 = 𝐴𝐸 = 2 + 2√2 .  Thus,  the distance between  𝐶𝐷̅̅ ̅̅    

and  𝐸𝐹̅̅ ̅̅ ,  𝐶𝐸 = 𝐴𝐸 − 𝐴𝐶 = 2 + 2√2 − 2√3 = 2 + √8 − √12 .  
Therefore,  2 + 8 + 12 = 22. 

 
 15. 115 Construct  𝐹𝐸̅̅ ̅̅  perpendicular to  𝐵𝐸̅̅ ̅̅ . We know that  𝐹𝐸 = 1, 𝐺𝐷 = 3, and it 

can be proved that  ∠𝐹𝐵𝐸 ≅ ∠𝐷𝐹𝐺.  Let  𝐵𝐹 = 𝑥. Then,  𝐹𝐺 = 5 − 𝑥  
   and by similar triangles,  𝐹𝐷 = 3𝑥. By the Pythagorean Theorem, 

32 + (5 − 𝑥)2 = (3𝑥)2 →  𝑥 =  
3√33−5

8
 . So, the required area is 

5 + 3 (
3√33−5

8
) + 5 =  

65+9√33

8
 and  𝑎 + 𝑏 + 𝑐 + 𝑑 = 115  

 
 
 



Grade Level 11 - NMT 2020 Solutions 
 
 1. 22 Since 𝑓(𝑥) is odd,  𝑔(9) = 𝑓(5) = −𝑓(−5) = −(−22) = 22.   
 

 2. 31 (7 + 5𝑖)(3 − 2𝑖) +
2−2𝑖

2+2𝑖
= 31 + 𝑖 +

−8𝑖

8
= 31.  

 
 3. 110 All divisors of  1410 have the form  2𝑎 ∙ 7𝑏 with integers 0 ≤ 𝑎 ≤ 10 and 0 ≤ 𝑏 ≤ 10.  Because 

the divisors are required to be even, they need further restriction: 1 ≤ 𝑎 ≤ 10 and 0 ≤ 𝑏 ≤ 10.  
Thus  1410 has  10 ∙ 11 = 110  divisors. 

 

 4. 27 √2𝑥 − 4 − √𝑥 + 5 = √𝑥 − 25 → 2𝑥 − 4 + 𝑥 + 5 − 2√(2𝑥 − 4)(𝑥 + 5) = 𝑥 − 25 → 2𝑥 + 26 =

2√(2𝑥 − 4)(𝑥 + 5) → 𝑥 + 13 = √(2𝑥 − 4)(𝑥 + 5) → 𝑥2 + 26𝑥 + 169 = 2𝑥2 + 6𝑥 − 20 → 0 =
𝑥2 − 20𝑥 − 189 → 0 = (𝑥 − 27)(𝑥 + 7) → 𝑥 = 27.  Since the domain of the given equation is 
{𝑥: 𝑥 ≥ 25}, the solution checks.  

 

 5. 10 3 cos2 𝑥 − 8 cos 𝑥 + 4 = 0 → (3 cos 𝑥 − 2)(cos 𝑥 − 2) = 0 → cos 𝑥 =
2

3
 , cos 𝑥 ≠ 2.  Since 𝑥 is in 

quadrant  I,  sin 𝑥 = √1 − (
2

3
)

2

=
√5

3
 .   So,  tan 𝑥 =

sin 𝑥

cos 𝑥
=

√5

2
 .   The required product is 10.  

 
 6. 13 The question requires each of the following to be true:  27 ∙ 215 > 2𝑘 ,   27 ∙ 2𝑘 > 215, and  
   215 ∙ 2𝑘 > 27  → 7 + 15 > 𝑘 and 7 + 𝑘 > 15 and 15 + 𝑘 > 7 → 𝑘 < 22 and 𝑘 > 8 and 𝑘 > −8.  

Therefore,  𝑘 must be an integer between 8 and 22.  There are 13 such values of  𝑘.  
 
 7. 5 Working in miles per hour, let  t  be the time it takes in hours for her to get to school on time.  

Represent the distance she travels to school by bike as 10 (𝑡 +
1

6
) miles and the distance she 

travels by car as  25 (𝑡 −
2

15
) miles.  Set these equal and solve to get  𝑡 =

1

3
. Therefore,  

    𝑑 = 10 (
1

3
+

1

6
) = 5 miles. 

 

 8. 400 Since ∆𝐴𝐷𝐸 is equilateral,  𝐴𝐸 = 10√3.  Since ∆𝐴𝐶𝐸 is 30-60-90,  
   CE = 30.  Since point O is the intersection of the medians of ∆𝐴𝐵𝐶, 𝐶𝑂̅̅ ̅̅   is 

the radius of circle O and its length is two-thirds of CE and equal to 20. 
Thus, the area of the circle is  400𝜋,  and  𝑘 = 400. 

  
 
 9. 6 (𝑥2 + 3𝑥 + 2)(𝑥2 − 𝑥 − 6) ≤ 0 → (𝑥 + 2)(𝑥 + 1)(𝑥 − 3)(𝑥 + 2) ≤ 0.  

Checking intervals on a number line, the solution set is −2 ∪ [−1,3].  
This set contains 6 integral solutions; namely  −2, −1, 0, 1, 2, and 3. 

  
 

 10. 62 Using a law of logarithms,  3 log8 𝑥 = 7 −
2

log8 𝑥
 → 3(log8 𝑥)2 − 7(log8 𝑥) + 2 = 0 → 

   (3 log8 𝑥 − 1)(log8 𝑥 − 2) = 0 → log8 𝑥 =
1

3
  or  2 → 𝑥 = 2  or  64.  The required difference is 

62.   
 
 
 11. 12 (𝑛 + 2)! − 2𝑛! = 180𝑛! → (𝑛 + 2)! = 182𝑛! → (𝑛 + 2)(𝑛 + 1) = 182 → 𝑛2 + 3𝑛 − 180 = 0 →

(𝑛 + 15)(𝑛 − 12) = 0 → 𝑛 = 12. 

A E B

FD

C

10  3

10  3

O

60

30



  

 12.  7 By the definition of a geometric sequence,  
sin 𝑥

1
=

sin 𝑥 cos 2𝑥

sin 𝑥
 .  Since none of the terms of the 

sequence is 0,  sin 𝑥 ≠ 0,  so  sin 𝑥 = cos 2𝑥 → sin 𝑥 = 1 − 2sin2𝑥 → 2sin2𝑥 + sin 𝑥 − 1 = 0 →

(2 sin 𝑥 − 1)(sin 𝑥 + 1) = 0 → sin 𝑥 =
1

2
 or − 1 → 𝑥 =

𝜋

6
 ,

5𝜋

6
 ,

3𝜋

2
 .  The sum of these roots is  

5𝜋

2
 ,  so  5 + 2 = 7. 

 
 13. 105 Let  𝑥  be the number of students in the school that like math and let  𝑦  be the number of 

students in the school that do not like math.  The resulting equation is  𝑥 + 𝑦 = 200.  Let  0.2𝑦 
be the number of students in the seventh grade who do not like math and let  0.3𝑥  be the 
number of students in the eighth grade who like math.  Thus 0.7𝑥 represents the number of 
students in the seventh grade who like math.  The resulting equation is 

    0.7𝑥 + 0.2𝑦 = 0.575 ∙ 200.  If the two equations are solved simultaneously, the result is 
(150, 50).  The number of seventh grade students who like math is  0.7 ∙ 150 = 105.  

 
 
 14.  32 From point  𝐸,  draw  𝐸𝐻̅̅ ̅̅ ∥ 𝐶𝐹̅̅̅̅   so that point  𝐻  is on  𝐵𝐹̅̅ ̅̅  .  

Since  point  𝐸  is the midpoint of  𝐵𝐶̅̅ ̅̅  ,  then  𝐻  is the midpoint 

of  𝐵𝐹̅̅ ̅̅   and  𝐸𝐻 =
1

2
𝐶𝐹.  If  𝐶𝐹 ∶ 𝐹𝐷 = 3,  then  𝐶𝐹 = 3𝑥,   

   𝐹𝐷 = 𝑥, 𝐸𝐻 =
3𝑥

2
,  and  𝐴𝐵 = 4𝑥. Using alternate interior 

angles,  ∆𝐴𝐵𝐺 ~ ∆𝐸𝐻𝐺,  so  
𝐴𝐺

12
=

4𝑥
3𝑥

2

→
𝐴𝐺

12
=

8

3
→ 𝐴𝐺 = 32. 

 
 
 15. 864 The number of ways of creating 3 true-false questions without all having the same answer is 6.  

The number of ways of creating 4 multiple choice questions in any order with the 3 choices in 
any order is   4!  ∙  3! = 144.  Thus,   144 ∙  6 = 864. 
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 1. 0  Alice paid 100 ∙ 0.75 ∙ 0.9 dollars and Brendon paid 100 ∙ 0.9 ∙ 0.75 dollars.  Since multiplication 

is commutative, the difference, in dollars, in the prices paid is 0. 
 
 2. 56 Let  𝑦 = 𝑥 − 17.  The sum of the roots of  𝑦2 − 22𝑦 + 57 = 0  is 22.  Since  𝑥 = 𝑦 + 17,  the 

roots of the given equation are each 17 more than the roots of the quadratic equation in our 
solution.  Therefore the sum of the roots in the given equation is  22 + 2 ∙ 17 = 56.  

 
 3.  711 We could substitute 𝑎 + 𝑏𝑖  for  𝑧  and solve two simultaneous equations for 𝑎 and  𝑏.  

Alternatively, (3 − 𝑖)𝑧 − (15 + 16𝑖) = 17 + 10𝑖 → (3 − 𝑖)𝑧 = 17 + 10𝑖 + 15 + 16𝑖 = 

   32 + 26𝑖 → 𝑧 =
32+26𝑖

3−𝑖
∙

3+𝑖

3+𝑖
=

96+78𝑖+32𝑖+26𝑖2

9−𝑖2 =
70+110𝑖

10
= 7 + 11𝑖 → 100𝑎 + 𝑏 = 711. 

 

 4. 243 𝑓(𝑥) = ln (
7𝑒𝑥3

5
) = ln (

7

5
) + ln 𝑒𝑥3

= ln (
7

5
) + 𝑥3 → 𝑓′(𝑥) = 3𝑥2 → 𝑓′(9) = 243.  

 
 5.  206  The graph of  𝑦 = |𝑥 − 130| + 141 shown consists of a v-shaped 

curve with its minimum point at  𝑃(130, 141).  Since  

𝑦 = −
1

2
𝑥 + 𝑏   is a line with slope  −

1

2
 ,  the graphs will intersect 

twice if the line passes above point  𝑃, and not at all if the line 
passes below point  𝑃.   Thus, the line must pass through point  

𝑃:  141 = −
1

2
(130) + 𝑏 → 𝑏 = 141 + 65 = 206. 

  
 6.  144 Using factoring and two trigonometric identities, 

𝑔(𝑥) = cos4𝑥 − sin4𝑥 = (cos2𝑥 − sin2𝑥)(cos2𝑥 + sin2𝑥) = cos(2𝑥) → 𝑔′ (𝑥) = −2 sin(2𝑥) →

𝑔′ (
𝜋

6
) = −2 (

√3

2
) = −√3 → 16 [𝑔′ (

𝜋

6
)]

4

= 16(−√3)
4

= 144. 

 
 7.  144 In order to fit the condition of the problem, the sequence must alternate vowels and 

consonants.  Since the number of consonants exceeds the number of vowels by one, the 
sequence must start with a consonant.  We can place the four consonants in the odd-numbered 
positions in 4! = 24 ways and the three vowels in the even-numbered positions in 3! = 6 ways.  
Thus, there are 24 ∙ 6 = 144 possible sequences. 

 
 8.  47 By the angle bisector theorem,  𝐴𝐸 ∶ 𝐸𝐵 = 3 ∶ 4,  so  

3𝑥 + 4𝑥 = 5 → 𝑥 =
5

7
 .  Thus,  𝐴𝐸 =

15

7
  and  𝐸𝐵 =

20

7
 .  Since 

triangles 𝐴𝐶𝐵 and 𝐴𝐷𝐶 are similar right triangles,  
𝐴𝐵

𝐴𝐶
=

𝐴𝐶

𝐴𝐷
→

5

3
=

3

𝐴𝐷
→ 𝐴𝐷 =

9

5
 .  Thus,  𝐷𝐸 = 𝐴𝐸 − 𝐴𝐷 =

15

7
−

9

5
=

12

35
  and the 

required sum is 47. 
 
 9.  100 Using the binomial expansion,  (𝑥 − 𝑦)3 = 𝑥3 − 3𝑥2𝑦 + 3𝑥𝑦2 − 𝑦3 = 𝑥3 − 𝑦3 − 3𝑥𝑦(𝑥 − 𝑦). So,  

343 = 133 − 3𝑥𝑦(7) → 210 = −21𝑥𝑦 → 𝑥𝑦 = −10 → 𝑥2𝑦2 = 100.  Alternatively, by factoring,  
𝑥3 − 𝑦3 = (𝑥 − 𝑦)(𝑥2 + 𝑥𝑦 + 𝑦2) → 133 = 7(𝑥2 + 𝑥𝑦 + 𝑦2) → 𝑥2 + 𝑥𝑦 + 𝑦2 = 19.   But,  
(𝑥 − 𝑦)2 = 𝑥2 − 2𝑥𝑦 + 𝑦2 = 49. Subtract the last two equations to yield  3𝑥𝑦 = −30 → 
𝑥𝑦 = −10 → 𝑥2𝑦2 = 100. 

 
  



10.  91 If the first roll is a 6, then the other two rolls can be anything.  This can occur in 62 = 36 ways.  
If the first roll is a 5, the other two rolls cannot be 6.  This can occur in 52 = 25 ways.  The 
pattern continues.  Thus, the number of successful sequences is  62 + 52 + 42 + 32 + 23 + 12 =

91.  Therefore,  𝑝 =
91

216
  and  216𝑝 = 216 (

91

216
) = 91.    

 
 11.  611 Since each term of the sequence, starting with the second term, is the average of its 

predecessor and successor, the terms of the sequence have a common difference and is 
therefore arithmetic.  Using  𝑎𝑛 = 𝑎1 + 𝑑(𝑛 − 1),  𝑎2020 = 10096 = 1 + 2019𝑑 → 𝑑 = 5.  So,  
𝑎123 = 1 + 5(122) = 611. 

 
 12.  505 Using polar coordinates, any point on the circle  𝑥2 + 𝑦2 = 1010  can be represented as  

(√1010 cos 𝜃 , √1010 sin 𝜃),  where  0 ≤ 𝜃 ≤ 2𝜋.  Then,  

𝑘 = 𝑥𝑦 = (√1010 cos 𝜃)(√1010 sin 𝜃) = 1010 sin 𝜃 cos 𝜃 = 505 · 2 sin 𝜃 cos 𝜃 = 505 sin 2𝜃.  

The maximum value of  𝑘  occurs when  sin 2𝜃 = 1.  So,  𝑘 = 505  is the maximum possible 
value of  𝑘. 

 
 13.  375 A cross-section of the cone-sphere construct is shown. Since  ∆𝐷𝐸𝐶  is  

30-60-90  and  𝐴𝐷 = 𝐷𝐶 = 10,  then  𝐷𝐸 = 5  and  𝐸𝐶 = 5√3.  So, the 

radius of the cone is  5√3  and the height of the cone is 15.  The 

volume of the cone is  𝑉 =
1

3
𝜋(5√3)

2
(15) = 375𝜋.  Thus,  𝑛 = 375. 

 
 
 14.  42 If 𝑓(𝑘) = 𝑘, then  𝑘2 − 6 = 𝑘 → 𝑘2 − 𝑘 − 6 = 0 → (𝑘 − 3)(𝑘 + 2) = 0.  

Therefore,  𝑘 ≠ 3 and  𝑘 ≠ −2.  If 𝑓(𝑓(𝑘)) = 𝑘, then  (𝑘2 − 6)2 − 6 = 𝑘 → 

   𝑘4 − 12𝑘2 − 𝑘 − 6 = 0.  In order to solve this quartic equation, notice that starting from 
𝑓(𝑘) = 𝑘, taking 𝑓 of both sides results in 𝑓(𝑓(𝑘)) = 𝑓(𝑘) = 𝑘.  Therefore, both 3 and − 2 are 

solutions of the quartic equation.  Use synthetic division to obtain  
   (𝑘 − 3)(𝑘 + 2)(𝑘2 + 𝑘 − 5) = 0.  Use the quadratic formula on the last factor to yield 

𝑘 =
−1±√21

2
 .  Thus, the required product is 42. 

 

 15.  24 Since  ∆𝐴𝐵𝐶   is 30-60-90,  𝐴𝐵 = 𝑥√3  and so   

   𝐴𝐷 = 144√3 − 2√3𝑥 .  Thus, the volume of the box is  

𝑉 = 𝑥 (
√3

4
) (144√3 − 2√3𝑥)

2
.  To simplify calculation, let  

𝑘 = 144.  Then, the volume is given by  𝑉 = 𝑥 (
√3

4
) (3𝑘2 −

12𝑘𝑥 + 12𝑥2) = (
√3

4
) (3𝑘2𝑥 − 12𝑘𝑥2 + 12𝑥3).  

Differentiating,  𝑉′(𝑥) = (
√3

4
) (3𝑘2 − 24𝑘𝑥 + 36𝑥2) = 0 →

𝑘2 − 8𝑘𝑥 + 12𝑥2 = 0 → (𝑘 − 2𝑥)(𝑘 − 6𝑥) = 0.  So,  

𝑥 =
𝑘

2
= 72  or  𝑥 =

𝑘

6
= 24.  But, when  𝑥 = 72, 𝐴𝐷 = 0,  so  

𝑥 = 24  is a relative extremum.   

   By the Second Derivative Test,  𝑉′′(𝑥) = (
√3

4
) (−24𝑘 + 72𝑥) → 

   𝑉′′(24) = (
√3

4
) (−24(144) + 72(24)) < 0.  So,  𝑥 = 24  is a relative maximum, and since it is 

the only relative extremum on the domain  0 < 𝑥 < 72,  it produces the absolute maximum 
volume.  
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 1. 508 Divide  2020  by  4  to find that the average of these four integers is 505. Thus, the four 

consecutive even integers are  502,  504,  506,  and  508, the greatest of which is 508. 
Alternatively, if  𝑥 − 2, 𝑥, 𝑥 + 2,  and  𝑥 + 4  represent the integers,  4𝑥 + 4 = 2020 → 

   𝑥 = 504.  Thus,  𝑥 + 4 = 508. 
 
 2. 19 The left side of the equation can be viewed as the difference of two squares.  When it is 

factored, the result is  [(7𝑥 − 5) + (10𝑥 + 3)][(7𝑥 − 5) − (10𝑥 + 3)] = 

   (17𝑥 − 2)(−3𝑥 − 8) = 0 → 𝑥 =
2

17
  or  𝑥 = −

8

3
 . The required sum is  2 + 17 = 19. 

 

 3. 184 If   𝐴𝑃 ∶ 𝑃𝐵 = 3 ∶ 5,  then  𝐴𝑃 =
3

8
(𝐴𝐵).  So,  50 − 20 =

3

8
(𝑥 − 20)  and  44 − 20 =

3

8
(𝑦 − 20).  

Solving each equation yields  𝑥 = 100  and  𝑦 = 84.  Thus,  𝑥 + 𝑦 = 184. 
 
 4. 505 Note that  2020𝑛 = 22 ∙ 5 ∙ 101𝑛.  In order to make this expression into the least possible 

perfect square,  𝑛  must contain exactly one factor of 5 and exactly one factor of 101.  The 
required answer is 505. 

 
 5. 408 Dividing by 100, let  𝑁𝐴 = 5  and  𝐴𝑇 = 10  to simplify computation. Since the altitude drawn 

to the hypotenuse of right ∆𝑁𝑀𝑇  is the mean proportional between the segments of the 

hypotenuse,  
5

𝑀𝐴
=

𝑀𝐴

10
→ 𝑀𝐴 = √50 .  By the Pythagorean 

Theorem in  ∆𝑁𝐴𝑀, 52 + √50
2

= (𝑁𝑀)2 → 𝑁𝑀 = 5√3.  In 
right  ∆𝑁𝐴𝑀,  each leg is the mean proportional between the 
hypotenuse and the projection of that leg on the hypotenuse. 

So,  
5√3

5
=

5

𝑁𝐵
→ 𝑁𝐵 =

5

√3
 . Thus, by the Pythagorean Theorem 

in  ∆𝑁𝐴𝐵, (𝐴𝐵)2 + (
5

√3
)

2

= 52 → 𝐴𝐵 = √
50

3
 ≈ 4.082.  

Finally,  100(𝐴𝐵) = 408,  rounded to the nearest integer. 
 
 6. 527 Another equation for circle 𝑁 can be obtained by completing the square: 
   (𝑥 + 6)2 + (𝑦 + 10)2 = 16.  Thus, the center of circle 𝑁 is the point whose coordinates are 

(−6, −10).  Its radius is 4.  The center of circle  𝑀  is the point whose coordinates are 
(12, 4) and its radius is 3.  Draw the line of centers,  𝑀𝑁̅̅ ̅̅ ̅.  The required minimum distance 
between the circles will be the positive difference between 𝑀𝑁 and the sum of the radii.  

Calculate 𝑀𝑁 = √520 using either the Pythagorean Theorem or the distance formula.  The 

minimum distance between the circles is √520 −7 and the required sum is 527. 
 
 7. 480 The equations of lines  𝑛  and  𝑚  are, respectively,  𝑦 − 20 = 4(𝑥 − 20)  and  

    𝑦 − 20 =
1

4
(𝑥 − 20).  Intersecting each of these lines with the given line,  𝑥 + 𝑦 = 80,  yields 

the points  (28, 52) and  (52, 28),  the endpoints of the triangle’s base.  Since these points are 
symmetric about the line  𝑦 = 𝑥,  the given triangle is isosceles with an altitude on the line  
𝑦 = 𝑥 that passes through  vertex  (20, 20) and the midpoint of the triangle’s base,  (40, 40).  

So, the area of the triangle is  
1

2
 · √(28 − 52)2 + (52 − 28)2  · √(40 − 20)2 + (40 − 20)2  

=
1

2
(24√2)(20√2) = 480. 

 
 



 8.  21 There are 25 = 32 distinct game outcomes.  This is a complete list of outcomes where Cindy 
wins with a majority of red cards: RRRRR, BRRRR, RRRRB, RRRBB, BBRRR.  Similarly, there 
are 5 additional mirrored outcomes in which Cindy wins with a majority of black cards.  

Therefore, the probability that Cindy wins is  
10

32
=

5

16
 .  The required sum is 21. 

 

 9. 803 The first few terms of the sequence are 𝑎1 = 1,  𝑎2 =
2

3
, 𝑎3 =

1

2
, 𝑎4 =

2

5 
, 𝑎5 =

1

3
 , 𝑎6 =

2

7
, 

   𝑎7 =
1

4
, 𝑎8 =

2

9
, …  .  Notice the even terms each have 2 in the numerator and  𝑛 + 1  in the 

denominator.  This fact can be proven by mathematical induction. 

   Thus,  𝑎800 =
2

801
  and the required sum is  803. 

 
 10. 264 The planar cross-section required is the square base of an 

equilateral pyramid. The volume of this pyramid is  
1

2
  the 

volume of the regular octahedron.  So,  
1

3
𝐵ℎ = 1010,  where  𝐵  

is the area of the pyramid’s base and  ℎ  is the height of the 

pyramid.  If  𝑥 = 𝐴𝑁 = 𝐴𝐷,  then  𝐴𝑂 =
𝑥

√2
 .  By the 

Pythagorean Theorem in  ∆𝐴𝑂𝐷, ℎ2 + (
𝑥

√2
)

2

= 𝑥2 → 

   ℎ2 =
𝑥2

2
→ ℎ =

𝑥

√2
 .  Since  𝐵 = 𝑥2 ,  

1

3
(𝑥2) (

𝑥

√2
) = 1010 → 

   𝑥3 = 3030√2 → 𝑥 = 16.242 … .  Thus  𝑥2 ≈ 264. 
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 1. 2 Since all primes are odd except for the number 2, the sum of an even number of primes will be 

even , unless one of them is the number 2. 
 
 2. 216 Let  𝑠  be an edge of the cube. The surface area of the cube is  6𝑠2  and the cube of the area is  

(6𝑠2)3 = 216𝑠6 .  The volume of the cube is  𝑠3  and the square of the volume is  (𝑠3)2 = 𝑠6 .  
Thus,  𝑛 = 216. 

 
 3. 25 Start with the top row. Since 17 and 31 are prime factors, 17 · 31 = 527  is a factor. 

The other factor must be less than 10 and needs to result in a units digit of 6. The 
only possible factor is 8, and  8 · 527 = 4216. The missing digit in the top row is 1.  
Since 11 and 19 are prime factors of the middle number,  11 · 19 = 209  is also a 
factor. The remaining factor must result in a units digit of 4. Thus, the units digit of the 
remaining factor is 6. Try using the numbers 16, 26, 36,…  until the product results in a 4-digit 
number ending in 24. The only factor that works is 36. Since  36 · 209 = 7524,  the missing 
digits are 7 and 5.  In the bottom row, 11, 43, and  11 · 43 = 473 are factors of the number. The 
product with the remaining factor must result in a units digit of 8, so it must have a units digit 
of 6. Try using the same numbers as in the middle row. Since  473 · 16 = 7568,  the missing 
digits are again 7 and 5. Thus,  1 + 7 + 5 + 7 + 5 = 25.  

 

 4. 49 Let  𝑥  be the integer.  Then,  𝑥 =
343

√𝑥
 → 𝑥√𝑥 = 343 → 𝑥

3

2 = 343 → 𝑥 = 343
2

3 = (√343
3

)
2

= 49. 

 
 5. 23 Multiply the three given equations to get  (𝑛𝑚)(𝑚𝑡)(𝑛𝑡) = (48)(54)(72) = 
   (6)(8)(6)(9)(8)(9).  Thus,  𝑛𝑚𝑡 = (6)(8)(9).  Since  𝑛𝑚 = 48, 𝑡 = 9. Since  𝑚𝑡 = 54, 𝑛 = 8.  It 

follows that  𝑚 = 6,  so  𝑛 + 𝑚 + 𝑡 = 8 + 6 + 9 = 23. 
 
 6. 96 Since  ∡𝐵𝐴𝑃 ≅ ∡𝑃𝐴𝐶 ≅ ∡𝐶𝐴𝐷, the measures of the angles are each  30°.  In a  30°-60°-90° 

triangle, the ratios of the corresponding sides are  1 ∶  √3 ∶ 2 .  The sides of  ∆𝐷𝐴𝐶  have lengths  

𝐶𝐷 = 6, 𝐴𝐶 = 12,  and  𝐴𝐷 = 6√3 .  The sides of  ∆𝐴𝐵𝑃  have lengths  𝐴𝐵 = 6, 𝐵𝑃 = 2√3  and  

𝐴𝑃 = 4√3 = 𝑃𝐶.  The perimeter of  ∆𝑃𝐴𝐶  is  12 + 4√3 + 4√3 = 12 + 8√3 .  Thus, 12(8) = 96.   
 
 7. 247 In order to minimize the difference, the two integers must be as close as possible. If the 

leftmost digit of the minuend is 5, the leftmost digit of the subtrahend is  4.  Then, minimize the 
minuend to get  50123, and maximize the subtrahend to get  49876.  The difference is  
50123 − 49876 = 247. 

 
 8. 52 Connect the center of the big circle to the centers of two consecutive small 

circles. Since  𝑂𝐴 = 𝑂𝐵 = 4, 𝐴𝐵 = 4√2  and the length of a side of the square is  

2 + 4√2 . The area of the square is  (2 + 4√2)
2

= 4 + 16√2 + 32 = 36 + 16√2 .  

Thus,  𝑎 = 36, 𝑏 = 16,  and  𝑎 + 𝑏 = 52. 
 

 9. 47 Square both sides of the given equation and simplify:  (𝑎 +
1

𝑎
)

2

= 9 → 𝑎2 + 2 +
1

𝑎2 = 9 → 

   𝑎2 +
1

𝑎2 = 7.  Square again:  (𝑎2 +
1

𝑎2)
2

= 𝑎4 + 2 +
1

𝑎4 = 49 → 𝑎4 +
1

𝑎4 = 47. 
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 10. 7 Rewrite the fraction in expanded form and multiply by  
10,000

10,000
 : 

   
(𝑑.5)4

(0.𝑑5)2 =
(𝑑.5)(𝑑.5)(𝑑.5)(𝑑.5)

(0.𝑑5)(0.𝑑5)
=

(𝑑5)(𝑑5)(𝑑5)(𝑑5)

(𝑑5)(𝑑5)
= (𝑑5)2 = 5625.  Then,  𝑑5 = 75 → 𝑑 = 7. 

 
 11. 36 Let  𝑥  be the distance between the parallel lines.  The area of parallelogram  𝐴𝐸𝐶𝐹  can be 

calculated in two ways:  (𝐴𝐸)(𝐵𝐶)  or  (𝐸𝐶)(𝑥).  Thus,  (45)(120) = 150𝑥 → 𝑥 =
(45)(120)

150
= 36. 

 
 12. 30 If  12, 𝑏, 𝑐  form an arithmetic sequence with a common difference, 𝑑, then  𝑏 = 12 + 𝑑  and  

𝑐 = 12 + 2𝑑. So, in terms of  𝑑,  the geometric sequence is  12, 15 + 𝑑, 30 + 2𝑑. By the 

definition of a geometric sequence,  
15+𝑑

12
=

30+2𝑑

15+𝑑
 →

15+𝑑

12
= 2 → 15 + 𝑑 = 24 → 𝑑 = 9.  Thus,  

𝑐 = 12 + 2(9) = 30. [Note: 
30+2𝑑

15+𝑑
= 2,  provided  𝑑 ≠ −15. ] 

 
 13. 108 The three possible means and medians are 37, 56, and a number between 37 and 56. The sum 

of the five numbers equals 5 times the mean of the numbers.  If the mean and median are 37, 
then 𝑥 + 22 + 37 + 56 + 89 = 5(37) → 𝑥 + 204 = 185 → 𝑥 = −19.  If the mean and median 
are 56, then  22 + 37 + 56 + 𝑥 + 89 = 5(56) → 𝑥 + 204 = 280 → 𝑥 = 76.  If the mean and 
median are between 37 and 56, then  22 + 37 + 𝑥 + 56 + 89 = 5𝑥 → 4𝑥 = 204 → 𝑥 = 51.  
Thus, the required sum is  −19 + 76 + 51 = 108. 

 

 14. 25 The average weight of all of the dogs and cats is  
(5)(28)+(3)(20)

5+3
=

140+60

8
= 25. 

 

 15. 17 Let  
𝑥

2
= 2𝑤 → 𝑥 = 4𝑤.  So,  𝑓(2𝑤) = (4𝑤)2 − (4𝑤) + 12 = 14 → 16𝑤2 − 4𝑤 − 2 = 0 → 

   8𝑤2 − 2𝑤 − 1 = 0 → (4𝑤 + 1)(2𝑤 − 1) = 0 → 𝑤 = −
1

4
  or  𝑤 =

1

2
.  Thus,  𝑘 = −

1

4
+

1

2
=

1

4
  and  

68𝑘 = 17. 
 

 16. 32 The given equation can be written as  tan 5𝑥 = √3 → 5𝑥 =
𝜋

3
+ 𝜋𝑘, where  𝑘  is an integer.  

   So,  𝑥 =
𝜋

15
+

𝜋𝑘

5
  which, on the interval  [0, 2π]  yields the ten roots: 

   {
𝜋

15
,

4𝜋

15
,

7𝜋

15
,

10𝜋

15
 ,

13𝜋

15
 ,

16𝜋

15
 ,

19𝜋

15
 ,

22𝜋

15
 ,

25𝜋

15
 ,

28𝜋

15
 } .  The sum of these roots is  

145𝜋

15
=

29𝜋

3
 .   

   Thus,  29 + 3 = 32. 
 
 
 17. 91 Use the theorem that states that tangent segments to a circle from an external point are 

congruent.  Therefore,  𝐴𝐷 = 𝐴𝐹 = 63.  If  𝑥 = 𝐹𝐸 = 𝐸𝐶,  then  𝐵𝐸 = 63 − 𝑥.  Use the 
Pythagorean Theorem in  ∆𝐴𝐵𝐸  to solve for  𝑥: (63 − 𝑥)2 + 842 = (63 + 𝑥)2 → 

   632 − 126𝑥 + 𝑥2 + 842 = 632 + 126𝑥 + 𝑥2 → 252𝑥 = 7056 → 𝑥 = 28.  Thus,  
   𝐴𝐸 = 63 + 28 = 91. 
 
 18. 6 The units digits for each of the numbers,  2, 3, and 7, when raised to a power create patterns. 

The units digit pattern for powers of 2 is  2-4-8-6.  The units digit pattern for powers of 3 is  
   3-9-7-1. The units digit pattern for powers of 7 is 7-9-3-1. Since each pattern repeats after 4 

digits and since 2020 is divisible by 4, the units digit of  32020  is 1.  The units digit of  22019  is 
8,  and the units digit of  72021  is 7.  The product of these three numbers is  (8)(1)(7)=56  
which has a units digit of  6.  

 
  
 



 19. 1 Apply the base-change rule to each of the fractions in the given expression: 

   
1

log2 10!
+

1

log3 10!
+

1

log4 10!
+ ⋯ +

1

log10 10!
=

log 2

log 10!
+

log 3

log 10!
+

log 4

log 10!
+ ⋯ +

log 10

log 10!
 . 

   Now apply the rule  log 𝑎 + log 𝑏 = log 𝑎𝑏: 

   
log 2

log 10!
+

log 3

log 10!
+

log 4

log 10!
+ ⋯ +

log 10

log 10!
=

log(2 · 3 · 4 · …  · 10)

log 10!
=

log 10!

log 10!
= 1. 

 

 20. 182 The number of ways of choosing 4 of the 16 points in the grid is  ₁₆C₄  =  
16!

12!4!
= 1820.  Since 

there are 10 sets of points that lie on a line (4 rows, 4 columns, and 2 diagonals),  the 

probability of choosing one of them is  
10

1820
=

1

182
 .  The reciprocal is  182. 
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